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The  p r i n c i p a l  c o m p o n e n t s  of the  e f f ec t i ve  t h e r m a l  c o n d u c t i v i t y  t e n s o r ,  c h a r a c t e r i z i n g  s t a t i o n -  
a r y  h e a t  m a c r o t r a n s f e r  in a d e n s e  m e d i u m  with d i s p e r s e d  e l l i p s o i d a l  p a r t i c l e s  of a d i f f e r e n t  
m a t e r i a l  a r e  c a l c u l a t e d  by  a me thod  s u g g e s t e d  in [1]. The  c a s e  of equal ly  o r i e n t e d  e l l i p s o i d s  
and of i s o t r o p i c a l l y  d i s t r i b u t e d  ones  a r e  c o n s i d e r e d  as  e x a m p l e s .  

1. C o n s i d e r  an a v e r a g e l y  h o m o g e n e o u s  m a t e r i a l  c o n s i s t i n g  of a d e n s e  m e d i u m  with t h e r m a l  c o n d u c -  
t iv i ty  >'1, con t a in ing  p a r t i c l e s  of a n o t h e r  s u b s t a n c e  with t h e r m a l  c o n d u c t i v i t y  2, 2. The  p a r t i c l e s  a r e  a s s u m e d  
i d e n t i c a l ,  s h a p e d  as  e l l i p s o i d s  of r e v o l u t i o n  of d i s t i n c t  a x i s  e .  The  e l l i p s o i d  c e n t e r s  a r e  r a n d o m l y  d i s t r i b -  
uted in s p a c e ,  so  tha t  t h e r e  i s  no c o r r e l a t i o n  be tween  d i f f e r e n t  p o s i t i o n s .  

The  o r i e n t a t i o n  of the  v e c t o r  e is  a r b i t r a r y  with p r e f e r r e d  d i r e c t i o n  m.  F o r  c o n v e n i e n c e  we ident i fy  
m with the  Z ax i s  of the  l a b o r a t o r y  c o o r d i n a t e  s y s t e m .  The  p o s i t i o n  of the  c o o r d i n a t e  s y s t e m  (xl, xz, xa), 
f ixed  in an a r b i t r a r y  e l l i p s o i d ,  i s  g iven  by t r a n s f o r m a t i o n  m a t r i x  7ik,  d e t e r m i n e d  in t e r m s  of the  E u l e r  
a n g l e s ,  with e in the  x a - a x i s  d i r e c t i o n .  The  a n g u l a r  e n s e m b l e  d i s t r i b u t i o n  funct ion of N p a r t i c l e s  i s  

/(a, . . . .  , a , )  = l ]  / (a , ) ,  i f ( a ) d a  = t 

a ---- [% tp, 0}, da = siti 0 dTdt~dO (1.1) 

In the  fo l lowing  we  deno t e  by a n g u l a r  b r a c k e t s  an e n s e m b l e  a v e r a g e ,  and by s q u a r e  b r a c k e t s  an a v e r -  
age  o v e r  a p h y s i c a l l y  s m a l l  v o l u m e  con t a in in g  su f f i c i en t ly  many  p a r t i c l e s .  

The  e f f e c t i v e  t h e r m a l  c o n d u c t i v i t y  t e n s o r  of the  m a t e r i a l  X i k , . c h a r a c t e r i z i n g  hea t  m a c r o t r a n s f e r  in it ,  
has  two d i f f e r e n t  p r i n c i p a l  v a l u e s  and i s  d e t e r m i n e d  a s  fo l lows  

[Q]~ . . . .  Lh. IVT], [ Q ] = ( l - p ) [ Q ~ l + p i ] ( a ) [ Q 2 ] d a  

IvTJ = (i --p)IVT~] -4- P f ]  (a)1V7'21 da 

f-Q,1 =- - ~.x {VTxl = - -  ~.~V <T~>, [Q2] - - -  L2 [V7'21 

(1.2) 

w h e r e  p i s  the  bulk  c o n c e n t r a t i o n ,  and the i n d i c e s  1 and 2 r e f e r  to the  b i n d e r  and f i l l e r ,  r e s p e c t i v e l y .  

2. A c c o r d i n g  to the  me thod  d i s c u s s e d  in d e t a i l  in [1], a r e a l  p a r t i c l e  p e r t u r b a t i o n  i s  r e p l a c e d  by a 
p e r t u r b a t i o n  of a po in t  d i p o l e  D, a p p l i e d  to the  p a r t i c l e  c e n t e r .  To d e t e r m i n e  [VT2] the  t h e r m a l  c o n d u c -  
t i v i t y  p r o b l e m  in a body with c o m p l e x  g e o m e t r y  is  r e p l a c e d  by a t h e r m a l  c o n d u c t i v i t y  p r o b l e m  in a h o m o -  
geneous  m e d i u m  with a r b i t r a r y  e m b e d d e d  e l l i p s o i d s .  

As  can  be  shown [1], the  a v e r a g e  t e m p e r a t u r e  s a t i s f i e s  the  equat ion 

~.IA (T1) ~ Vd, d --= f Dn (a) da (2.1) 

w h e r e  d i s  the  a v e r a g e  d i p o l e  m o m e n t  p e r  unit  vo lume ,  and n(a) = nf(a) is  the  p a r t i c l e  c o n c e n t r a t i o n .  
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Since the only average ly  dis t inct  d i rec t ions  in space  a r e  V(TI> and m, it is a s sumed  that 

d = aV <TI> -{-~ (V <T,> m) m (2.2) 

where  o~, fl =const ,  depending on kl, k2,P, and the par t i c le  shape.  

Eq. (2.i) is then wri t ten  in the l abora to ry  coordinate  sy s t em in the f o r m  

x' (O'lOX" + a ~ I 0 Y ' ) < T , ) +  X" (0 ~ / oZD<TI> = 0 
~" ~ - - ~ a - - a ,  k " =  k , - - a - - ~  (2.3) 

To determine (x, fl consider the effect of an arbitrary embedded ellipsoid on heat transfer in an aniso- 
tropic medium (X',),') with constant temperature gradient E at infinity. The solution of the problem gives 
an expression for X7T2, enabling us to calculate d from Eq. (2.1) and to obtain an equation determining ~ and/3. 

In the coordinate system 
x =  X ,  y =  Y,  z =  k- iZ ,  ld = )~" / k' 

r e f e r r i n g  to an a r b i t r a r y  pa r t i c l e  c en t e r  we have outside the el l ipsoid Eq. (2.3) and inside and on the bound- 
a ry  

X'A<TI>= 0 

X2 ( ~ - { - - ~ )  T2 + k'k,L-T~z, T 2 = O  (2.4) 

<T,> = T~, nQ (x) -- nQ (2), v <T,) -> E(n, r --+ ~o 

It is well known [2] that the solution of the problem stated satisfies the relations 

E (~) = VT2, Q~.2). _-- _-~(')L'(2)~, .-IV'2) ---- ~(2 :) = i%, ~ ' )  = k-2~2 ( 2 . 5 )  

where  Q(2) is the heat  flow inside the ell ipsoid.  T r a n s f o r m i n g  to the coordinate  sy s t em (x, y, z) , the el l ip-  
soid with depolar iza t ion  t enso r  nik = Tl iT lkn  l t r a n s f o r m s  to an el l ipsoid with depolar iza t ion  t enso r  nik = 
FliFlknl ,  where  n l a r e  the pr inc ipa l  values.  The components  of the t r ans fo rma t ion  ma t r ix  Fik to i ts  axes  
depend on the Eulcr  angles  of the new angles ,  with (F/iF/k > = 0, i ~ k. We note that  the t r ans fo rma t ion  axes  
of the ell ipsoid,  and conseqeuntly a lso  nl, depend on cos  z 0 and ~"/),' only. 

F r o m  Eq. (2.5) we find the t e m p e r a t u r e  gradient  E(2), genera ted  in an el l ipsoid inse r ted  in an an i so -  
t ropic  medium with t e m p e r a t u r e  gradient  E 

E~ (~ = Ni~Eh,  N~ "I = 5~, + n~k (~.~(2~ I X, __ i) (2.6) 

In the laboratory coordinate system we calculate the dipole moment D and d from Eq. (2.1) 

f (qn) rds, q = - -  )~2E("~ + k,E D 

D~ = V 0~181~ -- ~N~)  E~, d~ = p 0~,6~ -- )~<N~>) Ea (2.7) 

where V is the ellipsoid volume. It can be shown that 

<N~>= 0, i :# k, <Nn>=<N~) 

Comparing Eqs. (2.2) and (2.7), we obtain equations determining o~ and/3 as functions of p, At, %2, n l 

(% = P (~1 - -  ~ 2 < N u > ) ,  c$ = )~i - -  ~'" 
c~ + ~  = p (~u -- )~<Ns~>), c~ + ~ = )h -- X" (2.8) 

3. The effective thermal conductivity Aik is calculated from Eq. (1.2). By (2.6) and (2.8) the average 
heat flow and average temperature gradient are 

I-- )JV <T~>; i = i, 2 
[QI~ = - { ( l  -- p)X, + pX,<N~O} V <r~> : ( _  ~.W <TD; i = 3 

(3.1) 
[VTI~ = (i -- p + p<N~t>) V<T,> 

In the dimensionless variables 

the pr inc ipa l  components  Ai of the effect ive the rma l  conductivi ty t ensor  Aik are :  
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in the preferred directions of ellipsoid orientation 

As = ~ (1 - -  p + p < N ~ > ) - 1  

in any d i r ec t ion  p e r p e n d i c u l a r  to it 

A~ ----- A z = ~1 (t - -  p + p<Nn>)-~ 

whe re  ( Nii ~ is  eva lua ted  by  Eq.  (2.6) and E q s .  i2.8), c le termining ~,, ; t , .  

0-~)]  

($[.2) 

(3.3) 

'When the distant ellipsoid axes are parallel [the angular distribution function being f(a) = ~/~ ~-25(cos 

<Nn>=<N~z>= {1 -f- n~ (L_, / )~' - -  1)} -I (3.4) 

F r o m  Eqs .  (3.2) and (3.3) the  pr inc ipa l  va lues  of the  ef fec t ive  t h e r m a l  conduc t iv i ty  t e n s o r  a r e  

A~ = h {h (i -- n) + xT,} ~(i -- 7, + p72) ~ - -  xT~ (I -- ~)}i 

(3.5) 

It is  somewha t  c o m p l i c a t e d  to ca l cu l a t e  ~i f r o m  Eq. (2.8)and h -~ fi(~/~l), the  depo la r i za t ion  coef f ic ien t  
in the t r a n s f o r m e d  c o o r d i n a t e  s y s t e m  [see Eq. (2.4)]. 

F o r  an i so t rop ic  angu la r  d i s t r ibu t ion  funct ionf(a)  = 1/8~r -2 the  ef fec t ive  t h e r m a l  conduct iv i ty  t e n s o r  is 
sphe r i ca l .  Denot ing the depo la r i za t ion  coef f i c i en t  n 3 b y ,  (n I = n~ = ( l - n ) / 2 )  and taking into account  that  

glh ---- ~.~,h {t + n, ()'2 / ) / - -  t)}- ' ,  <~ti'>= I/3 

we obtain f r o m  Eq. (2.8) a cubic equation fo r  ~ = ;t'/2t 1 

~ 3 ( t _ n  2)-4- ~ { x ( t - -  n ~ -  2n ~ ) - p •  n ) - -  ( t - -  

- -  p) (t  - -  n~)} A- ~u {•  (t - -  n) - -  px (n + 1/3) - -  (1 - -  p ) ( t  - -  n -4- 2n~)} - -  x~n (t - -  n) (1 - -  p) ----- 0 (3 .6)  

The  coe f f i c i en t s  a r e  such that  only one pos i t ive  roo t  is  poss ib le .  Based  on Eqs.  (3.2), (3.3), and (3.6), 
the d i m e n s i o n l e s s  ef fec t ive  t h e r m a l  conduc t iv i ty  of the m a t e r i a l  is  

A -= ~ / xl - ~a {(t - p) a + e ~  (% - n) + p~x (n +1/,)}-1 

A ~--- ~2(I -- n 2) A- ~X(1 n ~- 2n 2) -~-x2n(1 -- n) (3.7) 

F o r  fixed p y.< 1 the  quanti ty A has  a m a x i m u m  at n = 1/3 ,  c o r r e s p o n d i n g  to sphe r i ca l  pa r t i c l e s .  If 
> 1, A i s  m i n i m u m  at n = 1/3.  The  s p h e r i c a l  embedding  was  c o n s i d e r e d  in deta i l  in [1]. F ig .  1 shows the 

dependence  of 5. on log ~t at  p = 0.1 (dotted line),  and at p = 0.3 (full t ime) .  The  c u r v e s  1 c o r r e s p o n d  to r 
l ens  shape  (n = 0.9), and c u r v e s  2 to a needle  shape  (n = 0.5). C u r v e s  3 (n = 1/3) ,  lying f o r  u <  1 above,  and 
f o r  • > 1 below the  c o r r e s p o n d i n g  c u r v e s  1, 2, c h a r a c t e r i z e  the  model  of "ove r l app ing"  s p h e r e s  [1]. 

'~ I A/A, 

3 

3 3 

-2 0 

F ig .  1 

tgzt 
I 

2 

We s t r e s s  tha t  the equat ions  obtained a r e  app l icab le  to suff ic ient ly  
sma l l  p, s ince  the d i s t r ibu t ion  funct ion of p a r t i c l e  c e n t e r s  used  ach i eves  
p a r t i c l e  ove r l ap  in space  at  high bulk c o n c e n t r a t i o n s  p. T h e r e f o r e ,  obv i -  
ously ,  ~ in Eq. (3.6) and the e f fec t ive  t h e r m a l  conduc t iv i ty  A in Eq. (3.7) 
b e c o m e  infinite at  ~ ~o and p > p . ,  p ,  = n ( 1 - n ) / ( n +  1/3) (max p. = 1 /3  is 
a l so  r e a c h e d  f o r  n = 1/3).  

F o r  s p h e r i c a l  embedding it is  poss ib l e  to i n t roduce  (see [1]) a d i s -  
t r ibut i6n funct ion of c e n t e r s ,  taking into account  that  p a r t i c l e s  do not o v e r -  
lap. C o m p a r i s o n  of r e s u l t s  f o r  the mode l s  of "over lapp ing"  and " n o , o v e r -  
lapping" s p h e r e s  showed that  the va lues  of e f fec t ive  t h e r m a l  conduct iv i ty  A 
a r e  c l o s e  f o r  p <p* = 1/3 and >t ~ 10. 

We note  that  the  c o r r e s p o n d i n g  p r o b l e m s  of de t e rmin ing  the e f f ec -  
t ive t h e r m a l  conduct iv i ty ,  the d i e l ec t r i c  funct ion,  and the e l ec t r i c  c o n d u c -  
t ivity a r e  m a t h e m a t i c a l l y  equivalent .  
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